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Abstract

Clustering of gene expression profiles is a widely used approach for finding macroscopic data structure. A complication in
such analyses is that not all genes are informative for forming clusters and different clusters might have different transcription
regulation. Driven by these considerations, we present a novel two-stage clustering approach. The first stage identifies informative
genes by adaptive variable selection using pseudo-samples modeled by a high dimensional multigroup ANOVA model. Variables
are selected using a rescaled spike and slab Bayesian hierarchical model having a special selective shrinkage property. The second
stage uses output from the first stage for clustering. We demonstrate why selective shrinkage occurs, and by extension, why it is
useful for the clustering paradigm. We analyze a human gene atlas expression dataset where the question of interest is to look for
tissue-specific transcription regulation and investigate whether tissues can be grouped together due to similar genomic control.
c© 2008 Elsevier B.V. All rights reserved.

1. Introduction

Cluster analysis is a popular tool often used as a preliminary analysis in the interpretation of data from gene
expression profiling experiments. The interest lies in identifying groups of samples that have a similar expression
pattern, and also in genes appearing similar across samples. Supervised clustering may also be used where the interest
lies in associating sample clusters with an outcome of interest (disease progression, survival, etc.). Additionally,
external information, such as biological annotation, can be used to help tune distances between objects (see Boratyn
et al., 2007, for details). Dissimilarity between observations or genes is typically measured by a distance metric
(see Gower, 1971; Joly and Le Calve, 1996, for detailed discussions).

Gene expression profiles present special problems for cluster analysis. Beyond the shear dimensionality
(i.e. number of genes) which can far exceed the sample size, there are many other subtle issues at play. For instance, it is
typical that not all genes are informative in forming subgroups — the so-called feature selection problem. In addition,
it is also quite likely that different subgroups might cluster on different numbers of genes. This clustering on a subset
of attributes has been studied by others. For example, see the Clustering Objects on Subsets of Attributes (COSA)
algorithm of Friedman and Meulman (2004) or the gene shaving algorithm of Hastie et al. (2000). These algorithms
embed the feature selection step into the clustering algorithm but may be computationally difficult to implement

∗ Corresponding author.
E-mail address: hemant.ishwaran@gmail.com (H. Ishwaran).

0167-7152/$ - see front matter c© 2008 Elsevier B.V. All rights reserved.
doi:10.1016/j.spl.2008.01.003



Author's personal copy

H. Ishwaran, J. Sunil Rao / Statistics and Probability Letters 78 (2008) 1490–1497 1491

requiring specification of tuning parameters for which there is little theory to suggest good values (Friedman and
Meulman, 2004).

We cast the clustering problem into two stages. The first stage analysis focuses on whether a given samples’ gene
expression differs relative to other samples. Informative genes with expression differences correspond to genes with
non-zero parameter estimates from a high-dimensional multigroup ANOVA model. Parameter estimates are obtained
from a special rescaled spike and slab hierarchical model designed for selecting differentially expressed genes in
multigroup microarray experiments (Ishwaran and Rao, 2003, 2005a). Rescaled spike and slab models have a selective
shrinkage property which shrinks ordinary least squares (OLS) estimates of truly non-informative genes towards zero,
thereby making delineation of informative genes easier.

The output of the stage one analysis is a vector of Bayesian parameters (one for each sample), in which each
element is an estimate of signal for a gene for a given sample relative to other samples. The second-stage analysis uses
these to rank genes and to cluster samples.

The paper is organized as follows. Section 2.1 introduces multigroup microarray data and reviews the use of
rescaled spike and slab models for finding differentially expressing genes in such settings. Gene clustering is then
recast in terms of a no-baseline ANOVA model (Section 2.2). A rescaled spike and slab Bayesian hierarchy is
introduced as a means for accurate parameter estimation (Section 2.3). Section 3 discusses adaptive selection for the
resulting Bayesian parameter estimates, and is the basis for assessing informativeness of a gene used in the clustering
algorithm. Section 4 illustrates the clustering procedure on a large data set made up of differing human tissue types.

2. Model selection for gene expression profile clustering

We show in this section how clustering gene expression profiles can be approached using a two-stage analysis.
The first stage involves hunting for differentially expressed genes in a multigroup microarray data setting; that is,
an experimental design where expression data involves multiple biologic groups. Following this, we show how the
problem can be mapped to the problem of clustering gene expression profile data.

2.1. Spike and slab gene selection

The problem of finding differentially expressed genes in multigroup settings can be described mathematically as
follows. Let Yi, j be the expression value for individual i , for i = 1, . . . , n, from gene j , for j = 1, . . . , p. Each
individual belongs to a specific group which we indicate by a class label Ci . To study whether there is a group
difference for a gene j , a standard approach is to construct a statistic T j for testing a null hypothesis H j of no
difference. Genes differentially expressed are found using the p-value for each test, then making an adjustment to
account for false detections; for example by using false discovery rate (FDR) error control (Efron et al., 2001; Storey,
2002; Tusher et al., 2001) or family-wise error rate (FWER) (Datta and Datta, 2005).

Alternatively, differentially expressing genes can be detected using a Bayesian variable selection approach called
Bayesian ANOVA for Microarrays (BAM). This approach rests on the use of rescaled spike and slab models, a new
class of Bayesian hierarchical models for high dimensional variable selection and prediction. BAM was first applied
to microarray data from two-groups. Performance relative to FDR and FWER methods was studied and it was shown
BAM was better able to maintain a balance between low false detection and high statistical power (Ishwaran and Rao,
2003). BAM was later extended to multigroup microarray data settings by recasting the problem as a high dimensional
orthogonal model selection problem (Ishwaran and Rao, 2005a). In orthogonal settings, rescaled spike and slab models
were shown to possess a selective shrinkage property (Ishwaran and Rao, 2005a,b). This property allows the posterior
mean for coefficients, used to select genes, to shrink towards zero for truly zero coefficients, while for non-zero
coefficients, posterior estimates are similar to OLS estimates. In Ishwaran and Rao (2005a), selective shrinkage was
shown to be a sufficient condition for superior total misclassification of genes relative to the OLS. Further, gains in
misclassification was shown to increase as number of biologic groups increased in sparse settings. A finite sample
adaptive method for selecting genes, exploiting the property of selective shrinkage, was given.

The model selection approach (Ishwaran and Rao, 2005a) for multigroup microarray data rests implicitly on an
ANOVA model, defined as follows:
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Yi, j = θ j,0 Baseline effect for gene j

+

G−1∑
g=1

βg, j,0I{Ci = g} Differential effect

+ εi, j , Error: distributed as Di, j (0, σ 2
j )

i = 1, . . . , n, j = 1, . . . , p.

(1)

The value θ j,0 in (1) represents a baseline effect for gene j . The baseline group is typically taken to be group G,
where the different biologic groups are coded as {1, . . . , G}. The parameters βg, j,0 represent the gene differential
expression effect for group g relative to the baseline group G. For example, in two-group problems, G = 2 and β1, j,0
is a measure of differential expression between the two groups. The ANOVA model makes minimal assumptions about
the nature of the data. A distribution free approach is taken where it is assumed only that εi, j are independent such
that E(εi, j ) = 0 and E(ε2

i, j ) = σ 2
j .

2.2. Clustering as a two-stage analysis from a multigroup ANOVA setup

The sample size of individuals within a group plays a crucial role in the effectiveness of BAM in identifying
differentially expressing genes. If sample sizes are small within group, then the posterior mean (which is used for
finding differentially expressing genes) will have high variance and the method suffers. Clustering gene expression
profiles falls under this paradigm.

We modify and extend BAM to this setting. The key idea is to increase the sample size by using each sample as a
baseline value. For each sample i , we create “pseudo-data” Yi, j,k , where

Yi, j,k = Yk, j − Yi, j , for k = 1, . . . , i − 1, i + 1, . . . , n.

Thus, each expression value Yi, j is used as a baseline value that is subtracted from all other expression values for gene
j . In place of Yi, j , we substitute n − 1 pseudo-observations

Yi, j,1, . . . , Yi, j,i−1, Yi, j,i+1, . . . , Yi, j,n .

The group membership label is removed in unsupervised clustering. All observations in the pseudo-data above are
simply referred to as belonging to sample i . Pseudo-data is created for each sample i for a gene j . In total there are n
samples with n − 1 pseudo-observations within each sample for each gene.

We assume a modified ANOVA framework for the pseudo-data, defined as follows:

Yi, j,k = βi, j,0 + εi, j,k i = 1, . . . , n, j = 1, . . . , p, k = 1, . . . , i − 1, i + 1, . . . , n. (2)

Here βi, j,0 represent a sample-gene differential effect. Since Yi, j,k has subtracted Yi, j , a baseline correction dependent
on i , there is no fixed baseline group in this analysis, and βi, j,0 represents a differential effect for gene j , for sample
i , relative to all other samples.

The interpretation of the βi, j,0 is interesting. Clustering based on these values implies clustering samples with
similar “baseline effects”. The advantage of this approach is samples that are close to one another are with respect
to βi, j,0, a summarized relative distance from all other samples, rather than based on simple pairwise distances as in
typical similarity measures. Further, using the multigroup setup in tandem with a rescaled spike and slab hierarchical
model for estimation (the details of which are provided in the next section), allows the identification of only useful
genes in determining similarity of baseline effects across samples.

The clustering procedure clusters genes and samples using posterior mean values from our Bayesian model. Let
β̂i, j denote the posterior mean for βi, j . Using an adaptive selection rule (Section 3), β̂i, j is mapped to a 3-bit pixel,
Pi, j ∈ {−1, 0, +1}. A pixel value of Pi, j = 0 indicates βi, j = 0 and sample i is similar to all other samples for gene
j . A value of Pi, j = −1 indicates sample i is down-regulated, whereas a value of Pi, j = +1 indicates up-regulation.
The β̂i, j are clustered by gene and sample.

The algorithm for clustering β̂i, j is as follows:

1. Column (gene) clustering: Rank β̂i, j by gene j . The top gene is that gene j with the most number of pixels Pi, j 6= 0,
for i = 1, . . . , n. The second highest ranked gene is that gene with second largest number of non-zero pixels, etc.
Sort genes.
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2. Row (sample) clustering: Compute the rank for |β̂i, j | for j = 1, . . . , p. Large absolute values are associated with
high rank. For those β̂i, j with pixels Pi, j = 0 set the rank to zero. This yields a p-dimensional rank vector for
each sample i with rank values from {0, 1, . . . , p}. From this compute a n × n correlation matrix. Use this for the
similarity matrix in a clustering procedure. Cluster the rows.

Step 2 is unusual. Clustering on samples typically would proceed using a dissimilarity matrix defined by a distance
metric applied to β̂i, j . Using ranked values of |β̂i, j | to cluster samples, however, gives a more refined view of closeness
of samples. We do not necessarily expect samples to cluster because they have gene effects of similar magnitude.
Rather, it is more likely that similarly ranked gene effects identify samples with similarly perturbed biological states
and these samples should be deemed close.

2.3. Rescaled spike and slab model hierarchy

Here we present the details of our Bayesian hierarchy. We deviate slightly from the presentation given in Ishwaran
and Rao (2003, 2005a) and exclude a Bayesian parameter for the variance σ 2 for the error distributions. Such a
parameter is unnecessary as we shall assume εi, j,k in (2) satisfy E(εi, j,k) = 0 and E(ε2

i, j,k) = 1. The assumption
of equal variance is unrealistic for microarray data, but the issue is easily handled by transforming the data using a
pre-processing variance stabilization technique (Ishwaran and Rao, 2005a; Papana and Ishwaran, 2006). We assume
the data has been variance stabilized to the value of 1.

With this caveat in mind, we model (2) using a rescaled spike and slab model (Ishwaran and Rao, 2005b). A
rescaled spike and slab model is a spike and slab model model where the response value is scaled by the square-root
of the sample size. Rescaling further involves incorporating a variance inflation factor equal to sample size into the
Bayesian hierarchy. Because of the special setting considered here, no variance inflation factor is needed, and one can
show that rescaling is equivalent to replacing Yi, j,k with rescaled values Y ∗

i, j,k = (n − 1)−1/2Yi, j,k . The rescaled spike
and slab model is defined as follows:

(Y ∗

i, j,k |βi, j )
ind
∼ N

(
βi, j , 1

)
(βi, j |γi, j )

ind
∼ N(0, γi, j )

γi, j
iid
∼ π(dγi, j )

i = 1, . . . , n, j = 1, . . . , p, k = 1, . . . , i − 1, i + 1, . . . , n. (3)

The hypervariances γi, j are specified using the continuous bimodal priors of Ishwaran and Rao (2003, 2005a). The
prior π for γi, j is induced by the following parameterization. Define γi, j by γi, j = Ii, jτi, j , where Ii, j and τi, j are
parameters with priors specified according to (we use δx (·) to indicate a measure concentrated at x):

(Ii, j |v0, wi )
ind
∼ (1 − wi ) δv0(·) + wi δ1(·)

(τ−1
i, j |a1, a2)

iid
∼ Gamma(a1, a2)

wi
iid
∼ Uniform[0, 1]. (4)

The choice for v0 (a small near zero value) and a1 and a2 (the shape and scale parameters for a gamma density) are
selected so γi, j has a continuous bimodal distribution with a spike at v0 and a right continuous tail (Ishwaran and Rao,
2003, 2005a).

3. Adaptive gene selection

Adaptive selection using shrinkage plots was discussed in Ishwaran and Rao (2005a) for rescaled spike and slab
models under orthogonal design matrices. A shrinkage plot is a plot of β̂i, j against σ̂ 2

i, j , the posterior variance for
βi, j . In Ishwaran and Rao (2005a), it was shown asymptotically that truly differentially expressing genes are those
genes with posterior variances σ̂ 2

i, j coalescing near the value of 1 and with large |β̂i, j | values. This led to an adaptive
selection rule whereby genes were selected only if they were found on the far left and right sides of a shrinkage plot
and with posterior variances nearly equal to 1.
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However, while the theory for shrinkage plots applies to orthogonal design matrices such as (2), there are subtle
differences in the setup here requiring careful modification to the original theory. One subtle issue is the complicated
correlation structure within pseudo-data. Within any given gene, correlation exists in two forms. There is correlation
across samples, and there is correlation within sample.

Consider two samples i and i ′. The pseudo-data for sample i for gene j is,

Yk, j − Yi, j , for k = 1, . . . , i − 1, i + 1, . . . , n,

whereas the pseudo-data for sample i ′ for gene j is,

Yk, j − Yi ′, j , for k = 1, . . . , i ′ − 1, i ′ + 1, . . . , n.

These two sets of data are clearly heavily correlated. This issue is dealt with by the sample-specific Bayesian
parameters wi used in (4). See Ishwaran and Rao (2005a), Section 2.9, for further rationale for the use of group-
specific complexity parameters.

More subtle, though, is the issue of correlation within sample. This leads to a persistent correlation as sample size
increases. The correlation between two observations within a sample i and gene j is non-zero because of the presence
of the baseline value. In fact,

Corr(Yi, j,k, Yi, j,k′) =
Var(Yi, j )√

Var(Yk, j ) + Var(Yi, j )
√

Var(Yk′, j ) + Var(Yi, j )
.

If variances are equal, as we would expect after a variance stabilizing pre-processing step, then this correlation is
exactly 1/2. This correlation does not disappear as n increases.

3.1. Asymptotics under an infinite number of samples paradigm

A naive study of asymptotics will not be fruitful because of this. While at first glance this might seem problematic,
one has to question how realistic such an analysis is in the context of the problem considered. Implicit in our approach
is there are an unknown, but fixed, number of true clusters within the data. By assuming n is increasing, we are
assuming number of samples increases, yet we are only using one observation as a baseline value for clustering a
sample. This is unrealistic. To study asymptotics under a paradigm where number of samples is increasing, information
for the baseline should be improved. This is reasonable since a priori there are only a finite number of clusters and
thus information about a sample should improve as n increases. Therefore, for the purpose of an asymptotic treatment,
we make use of pseudo-data defined as follows:

Yi, j,k = Yk, j − Zi, j , for k = 1, . . . , i − 1, i + 1, . . . , n,

Here Zi, j are values drawn independently from a normal distribution, N(E(Yi, j ), λ
2
n). Thus, Zi, j are independent

draws from a distribution centered around the mean for the baseline value Yi, j . Using Zi, j in place of Yi, j improves
the baseline value. At the same time, we allow for uncertainty in Zi, j , as reflected by the use of a variance λ2

n that can
change with n.

The use of Zi, j removes correlation within a gene for a sample. Therefore, it is reasonable to assume that εi, j,k
in (2) are independent within sample for a given gene. Under mild regularity conditions, such as those required for a
triangular central limit theorem, it is reasonable to assume for each i and j that:

(n − 1)−1/2
∑
k 6=i

εi, j,k = Op(1). (5)

With this assumption, we now establish selective shrinkage and adaptive selection:

Theorem 1. Assume that the true data model is (2), such that (5) holds. Under the rescaled spike and slab model
defined by (3) and (4):(

|β̂i, j |, σ̂
2
i, j

) p
→ (+∞, 1),

if and only if βi, j,0 6= 0.
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in Su et al. (2004) which includes allelic control and evolutionary conservation (by looking at corresponding mouse
tissues).

Appendix. Supplementary data

Supplementary data associated with this article can be found, in the online version, at doi:10.1016/j.spl.2008.01.003.
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